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ON A CLASS OF REFLECTION GEOMETRIES 

Nota del m. e. CARLO FELICE MANARA e MARIO MARCHI (') 

(Adunanza del lO ottobre 1991) 

SUNTQ. - In questa Nota si introduce un sistema di assiomi che permette di 

caratterizzare una particolare classe di gw:nnetrie di riflessione. Tali geometrie consistono 
di uno spazio di incidenza (detto anche spazio lineare o spazio di rette, G01L parallelismo 
dotato di un insieme transitivo di dilatazioni involutorie e di un insieme regolare di trasla
zioni. Esse risultano quindi anche rappresentabili mediante una opportuna classe di cappi 
di ùwidenza. 

Introduction 

By a reflection we usually understand an involutory movement 
in an absolute piane with a pointwise lixed line. As a matter of faet 
it is well known the possibility to deline in an abstract way an absolute 
space by means of a group r provided with a set of involutory ele
ments fulfilling suitable axioms. The group r is named refleetion group 
(Spiegetungsgruppe) and reflection ge<rmetry (Spiegelungsgeometrie) is the 
geometrie structure delined in this way (see e.g. [2], [4]). 

(.) This research is supported partially by the Italian Ministry of University and Scien
tific and Technologicat Research (M.O.R.S.T.) (40% and 60% grants) and by G.N.S.A.G.A 
of C.N.R. 
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In this paper we shall be concemed with a different notion of 
"reflection" which could be thought as a generalization of the classical 
notion of point-reflection in an absolute pIane. This notion of reflection 
is introduced in an abstract way by means of suitable axioms (Al)-(A4) 
stated for any arbitrary set (J' of elements, named points (cf. § 1). 
Our aim is to provide the point set <l' with aline strueture Jè which 
could be consistent with the reflection axioms. This will be obtained 
by means of a new set ofaxiorns: (DI)-(D3); in this way «l', Jè) tums 
out to be an irwi!knce Bpace (cf. e.g. [3], [4]) (linear space or line 
space in other Authors) and furthermore in Jè a parallelisrn relation 
can be defined (§ 2). The reflections defined by the axioms (AI)-(A4) 
give rise to a set of involutory dilatations and a transitive set of 
translations for the space «l', Jè, 1') (§ 3). This allow us to provide 
the incidence space «l', Jè, 1') whit a structure of irwi!knce loop with 
parallelism which is unique up to isornorphisms (§ 4). 

1. . Existence of reflections 

Let (J' be a set of elements. which henceforth we shall call points. 
Let us assume for each point a E (J' a bijection ii : (J' -~ (J'; x ~ ii (x) 

is defined such that the following axioms are fulfilled: 

Al. V x E (J' : X (xl ~ x; 

A2. V a, b, x E (J', a '" b => ii (x) '" 6(x); 

A3. V a E (J' : ii2 
: ~ ii • ii ~ id; 

A4. V x, Y E <l' 3 a E (J' : ii (x) ~ y. 

Henceforth these bijections will be called reJlectians. In the follow
ing we shall always denote by "id" the identity map and by "o" 
the composition of mappings. Thus we have: 

1.1. - Let a, b, x, y be any points of (J'; then: 

(i) x '" a => ii (x) '" x; 

(ii) if far some z E (J' it is ii (z) ~ 6(z), thm a ~ b; 

(iii) if ii (xl ~ y, thm ii (1) ~ x. 
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PROOF. 

(i) By (A2) and (Al): a '" x ==O> ii (x) '" i (x) ~ x. 

(ii) Ii a '" b by (A2) we have for any x E (J' ii (x) '" 6(x) whieh 
is a contradiction. 

(iii) Immediate by (A3). D 

From (l.l, ii) it follows immediately: 

l.2. - For any x, y E Cl', the element a E Cl' which exists by (A4) 
'.8 uniquely determirwd. 

Ii we denote &: ~ [ii: a E (J'j, let us define: 

'6: ~ &0&: ~ [iio6:a,bE Cl']. 

By (A3) id E '6. Then: 

l.3. - (i) FCYr each 7 E '6 \ [id], \f x E Cl' we hat'e: 7 (x) '" x; 

(ii) '6 acts transiti-vely on Cl'. 

PROOF. - (i) Let us suppose y E Cl' sueh that 7 (y) ~ y. Then if 
we denote 7: ~ ii o 6, we have ii o 6(y) ~ y whieh implies ii (y) ~ 6(y), 

by (A3), and thus by (l.l, ii) (Ì ~ 6 i.e. 7 ~ id, whieh is a eontradietion. 

(ii) Far any x, y E Cl', by (Al) and (A4) there exists a E Cl' sueh 
that ii (x) ~ ii o i (x) = y. D 

1.4. - The followiny conditious are equivalent: 

(i) '6 acts regularly on Cl'; 

(ii) &o &o & ~ &; 
(iii) '6 o '6 ~ '6; 

(iv) '6 is a group. 

PROOF 

(i) ==O> (ii). By assumption far any 7" 7, E'6 and far any x E Cl', 

TI (x) = T2 (x) implies TJ == '[2· For any à., à2, à 3 E cV, if x is any point 
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of (l', let us denote C the reflection, uniquely determined by (A4) and (1.2) 
sueh that C(a, (x» ~ a, o a, (x). Then by assumption Co a, ~ a, o a, and 
henee by (A3) a, o a, o a, ~ c o a, o a, ~ c E d'. 

(ii) => (iii). Sinee id E '6 we have: '6 ,; '6 0'6. lf a, o i", a, o b, 
are any mappings of '6, by (ii) there exists c E ci' sueh that (a, o bi) o 
o(a,ob,) ~ (a,ob,oa,)ob, ~ cob, E'6; thus '60'6,; '6. 

(iii) => (iv). By (A3), for any (aob) E j0 we have (boa) ~ (aobr'; 
thus by (iii) and sinee id E '6, '6 is a group. 

(iv) => (i). For any 7,. 7, E '6 and any x E (l', T, (x) ~ 7, (x) imo 
plies T,' o 7, (x) ~ X. Sinee by assumption T,' o T, E'6 and by (1.3, i) 
72"1 0 TJ = id, it follows TI = 72 and thus because of the transitivitJ" 
'6 is regular on (l'. D 

1.5. - II '6 is a group, then it is commutative. 

PROOF. - For any a" a" a3 E d', by (1.4, ii) and (A3), a, o a, o a, 
is involutory and then al o a2 o à3 = a) o fiz o al. Thus for any al o b" 
az o 62 E '6 we have à l o bi o à2 o 62 = àz o bi o di o 62 = a2 o 62 o d·l o 6l ; 

thus '6 is commutative. D 

2. - The line structure 

In (l' x (l' an equivalenee relation t. is defined fulfilling the follow
ing axioms: 

DI. V a, b, c E (V : (a, b) 6. (c, c) ~ a = b; 

D2. va, x, y E (l' : (x, y) t. (a (x), a (y»; 

D3. v a, b, x E P, distinct: (a, x) t. (x, b) <==> (a, x) t. (a, b). 

2.1. - For any a, b, c E (l' we have: 

i) (a, b) t. (b, a); 

ii) (a, c) t. (a, a(c»; 

iii) c (a.) ~ b => (a, c) t. (c, b) and (a, c) t. (a, b). 
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PROOF. 

(i) Let us denote d E Cl' the uniquely determined point, by (A4) 
and (1.2), sueh that il (a) ~ band then il (b) ~ a. Thus by (D2) 
(a, b) Il. (il (a), il (b)) ~ (b, a). 

(ii) Follows from (D2) and (Al). 

(iii) Follows from (D2), (i) and (D3). D 

Let us define for any a, b E Cl', a '" b : 

(l) a,b: ~ [x E Cl' : (a, x) Il. (a, b)] Ula] . 

Of course, by definition is a, b E a, b; furthermore we have: 

2.2. - Far any a, b E Cl', a '" b, it is: a,b \ la, b] '" 0. 

PROOF. - By (A4) it exists c '" a, b such that c(a) ~ b; then, by 
(2.1, iii): (a, c) Il. (a, b) that is c E a,b \ la, bi. D 

2.3. Far any a, b E Cl', a '" b : a,l> ~ b,(i. 

PROOF. - By (D3), V x E a, b \ [a, b] : (a, x) Il. (a, b) implies 
(a, x) Il. (x, b); then by (2.1, i) and sinee Il. is transitive it is (b, x) Il. (b, a) 

and tbus x E b,(i. Furthermore a, b E b,(i by definition. Therefore 
a, b <; b,(i, and with the same axguments: b,(i <; a,b. D 

2.4. - Far any c E a,b \ la) : a, c ~ a,b. 

PROOF. - By definition V x E a, b \ la] : (a, x) Il. (a, b) Il. (a, c) implies 
x E ~, b E a, c Le. {l,l) ç;;; a;c. With the same argoment, since 
b E a, c \ [a] : a;c <; a,b. D 

2.5. - For any et e E a, b, c -:;é e : t;'"e = a, b. 

PROOF. - If c ~ a, the theorem is proved by (2.4). c E a,b \ la) 
implies by (2.4) a,b = a;c; then again by (2.4) e E a,b \ [c) ~ c;a \ [c] 
implies c, a = t;e. D 
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The set of points a,b will be called the line a,b. By (2.4) we 
have Ia, bi;;, 3. 

The set of ali lines defined by (1) will be denoted by oC and 
thus the pair «(\', oC) turns aut to be an incidenee space. Far any 
a, b, c E (\', a " b let us define: 

(2) [cJ'a,bJ : ~ [x E(\': (c, x) Il. (a, b)] U [cJ 

2.6. - [cJ'a,bJ is aline and [cJ'a,bJ ~ a,b when c E a, b. 

PROOF. 

(i) lf c ~ a the definition (2) coincides with (1). lf c E a, b \ [a], 
by definition far any x E [cJ'a, bJ \ [cJ we have (a, c) Il. (a, b) Il. (c, x) and 
thus (c, x) Il. (c, a) which implies [cJ'a,bJ ~ c,a ~ a,b, because of (2.4). 

(ii) Let us suppose c ~ a, b; by (A4) there exists a point u such 
that ù (a) ~ c. Then by (D2) V x E [cJ'a, bJ \ [cJ : (c, x) Il. (a, b) Il. (c, ù (b)); 
hence by denoting e: ~ ù (b) we have (c, x) Il. (a, b) Il. (c, e) and thus by 
definition (1): [cJ'a,bJ ~ c.e. D 

Because of (2.2) and (2.6) we have proved that I [cJ'a, bi I ;;, 3; 
thus V (a, b) E (\", V c E (\' there exists at least one point e such that 
(c, e) Il. (a, b). 

2.7. - F(jr any e E [cJ'a,b] we have [eJ'a,b] ~ [cJ'a,b]. 

PROOF. - lf [cJ'a,bJ ~ a,b by (2.6) we have [da,bJ ~ a,b. lf 
e ~ c the statement is trivial. Then let us suppose e " c and c ~ a, b. 
By definition e E [cJ'a,b] \ [cJ implies (c, e) Il. (a, b); then V x E [cJ'a,b] \ 
\ [cl : (c, x) Il. (a, b) Il. (c, e) and by (D3) if x " e (c, x) Il. (c, e) implies 
(c, x) Il. (x, c). Thus (c, x) Il. (a, b) and hence x E [eJ'a,b], i.e. [cJ'a, bJ ç 

ç [e 4'a:li]. 
Since c E lef'a. bj, with the same arguments we have also 

[da, bi ç ;c.J'a,bj, and thus [c.J'a,bl ~ [cJ'a,bJ. 

REMARK I. - Because of (2.7) we have, far any a, b, c, dE(\', with 
a " b: [cJ'a,b] n [dJ'a,b] " 0 implies [cJ'a,bJ ~ 1dJ'a,bj; in fact if 
e E [C.J'a,bJ n [dJ'a,b], by (2.7) we have: 1cJ'a,bj ~ [eJ'a,bJ ~ [Ma,b]. 
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Far any two lines a:;b, c, d, E oC let us now define: 

a, b ,(' ì0l <==> (a, b) L!. (c, d) . 

Since .1 is an equivalence reiation, (/ 18 also an equivalence rela· 
tion. Furthennore, because of (2.6), for any U,b E ,c and any c E <l' 
there exists a [ine L E ,c such that c E L and L ,(' U,b. Actually we 
have L: ~ Ic,('U,bJ. Moreover by (2.7) this line L is unique. Thus ",('" 
is an equivalence relation defined in ,c which fulfils the Euclidean ax

iom; ",('" will be called parallelism and the triple «l',,c, ,(') turns 
out to be an incidence space with parallelismo 

3. . The reflection geometry 

We can now study some properties of an incidence space with 
parallelism endowed with a set of ref1ections as defined in § l. 

3.1. - For any L E,c and a E <l' wc have: 

(i) ii (L) E,c and à (L) ,(' L; 

(ii) à (L) ~ L <==> a E L. 

PROOF. 

(i) Let be L ~ : u, v ~ [x E <l': (u, x) L!. (u, v)] U fu]; then à (L) ~ 

~ [à (x): (u, x) L!. (u, v)] U (à (u)] and since by (D2) (u, x) L!. (ii (u), ii (x»), by 
denoting y: ~ ii (x) we have by (2) : ii (L) ~ (y E <l' : (a (u), y) L!. (u, t'lì U 
U (à (u)] ~ [ii (u) ,(' LI E ,c . 

(ii) " <= " If a E L ~ : u, v (u, a) L!. (u, v) implies by (D2) (a (u), a) L!. 
L!. (u, v) Le. a E [a (u) ,(' u, v] ~ a (L) and thus a (L) ~ L because of the 
Remark I, § 2. 

" => " Let L ~ : u, v; by (D2) (u, a) L!. (a, u) L!. (a, a (u» which 
implies, by (03): (u, a) L!. (u, a (u). Furthermore a(L) ~ Iii (u) ,(' L) ~ 

~ L ~ u, v implies à (11.) E ?t,v and thus (u, a (u») L!. (u, v). Rence we have 
(u, a) L!. (u, v) which means a E u, V. D 
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By (3.1) we have proved the following situation. 
«l', .c, -9) is an incidence space with parallelis", where the set 

of reflections <i' : ~ fa: a E <P) is a set oj involutory dila.tations, acting 
transitively on <P because of (A4). 

Such an incidence space with the set <i' of dilatations fulfilling 
the axioms (A1)-(A4) will be denoted henceforth by «l', .c, -9,1') and 
will be called a point-reflection geometry. 

Furthermore by (1.3) o: ~ <i' o <P ~ la o ii: a, b E <P] is a set oj 
translations acting transitively on <P. Henceforth we shall denote by 
:D: ~ Aut (<P, .c, -9) the group of ali dilatations of (<P, .c, -9) and by JC 
the set of ali translations, Le. fixed-point-free dilatations, of (<P, .c, -9) 
together with the identity map "id". 

Now, by denoting u E <P a distinguished point, let us define 

e: ~ 1'ou~ [aOù:aE<P). 

Thus e is a set oj translations acting regula.rly on <P. In fact 
V x, y E <P, since by (A4) it exists c E <P sueh that è (y) ~ u (x) we have 
è • u (x) ~ y and thus e is transitive. 

Furthermore ii è o ù (x) ~ è o u (x) we have, by denoting z : ~ u (x), 

C(2) ~ iJ (2) which implies, by (1.1, ii) è ~ è. Furthermore we have: id E e. 

3.2. - The set o is a group if a.nd &nly if e ~ o. 

PROOF. - " ~ " By definition e ç o. On the other hand for 
any ao ii E 1'0, if c E <P is the point, uniquely determined by (A4), such 
that c(u) ~ ao ii (u), we have by (1.4, i): ao ii ~ co ù and then o ç e. 

"� ~" By definition e is acting regularly on <P and thus by 
(1.4) o is a group.� O 

3.3. - In (<P,.c, -9,1') the jollowings ho/d: 

i)� jor any three non collinear pointB a, b, c th<J parallelogra", corifigura
tion holds, i.e.: [b-9a;c! n [C-9a,b1 '" 0; jurthermore in any paralw
logra", (a, b, c, x) the diagonal lines do "",et; 

ii)� if /j E Aut (<l', .c, -9) \ [id] with /j' ~ id, then /j E 1'. 
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PROOF. 

(i) Let U E <l' be the point, uniquely determined by (A4), such 
that ù (b) ~ c. Then ù (a,C) ~ [b?a, cl. ù (a,b) ~ [c?a, bl and so [x) : ~ 

~ fù (a)] ~ [b?a,c) n [c?a,bl '" ° sinee ù is a bijection on <l'. Thus 
lul = a, x n b;C. 

(ii) Let a E <l' be any point with /j (a) '" a and b: ~ /j (a). For 
any x E <l' \ a,b we have /j (x): ~ /j (a, x n r,-x) ~ fb? a, x) n fa? b,X), and 
/j (x) does exist sinee /j is a bijection. If 'U E <l' is the point, uniquely 
determined by (A4), sueh that ù (a) ~ b, by (i) we have 11 (x) ~ /j (x) 
and thus, since o and ii are dilatations, [; = u. D 

REMARK I. - As a eonsequenee of (3.3, ii), in «l',.c, ?, 1') do 
not exist involutory translations. 

Beeause of (3.3, i) the following configurational proposition (1') 
holds in any point-reflection geometry (<l',.c, ç, 1'). 

3.4. - For any three non collinear points al, a" a3 E <l' there exist 
three non coll-inear points bI, b" b, such that (configuration 1'): 

The triangle Tr (a" a" a,) is said to he inscribed in Tr (bi, b" b,) 
and furthermore Tr (a" a" a,) and Tr (bI, b" b,) are said to be simitar. 
By (3.4) we know that any triangle Tr (al, a" a,) ean be inseribed 
in a similar one but we don't know ii, vice versa, any triangle Tr 
(bI, b2, b3) can circurnscribe a similar one. 

By definition we know that \5: ~ l' o l' ç; JC ç; :D and, sinee 
id E '5, l' ç; 1'0 l' o (Ì> ç; :D. What in generaI we don't know is whether 
(for any a, b, c E <l') the dilatation ci: o 6o è has one fixed point or not. 
In other words it is not known whether in a generaI point-reflection 
geometry (<l', .c, ?, 1') it is 1'0 l' o l' n JC ~ 0 or noI. Furthermore if 
l' o l' o (Ì> n JC ~ 0, the proper dilatation ci: o 6o è (for any a, b, c E <l') 
can be involutory or noto 
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When ao 6o c is involutory (for any a, b, c E <J') we have by (3.3, ii): 
<Ì' o <Ì' o <Ì' ç;; <Ì' and thus <Ì' o <Ì' o <Ì' ~ <Ì'. In this case by (lA) '6 is a 
commutative group. 

3.5. Let al, a" a3 E <J' be wm collinear arui =h that o: ~ aIO a, o a, 
is a proper dilatation; let us denote by x tM fixed points of o. Then 
three points b" b,. b3 E <J' are uniquely determined such that, for any 
permutation (i, j, h) of (1, 2, 3), ·it holds: 

this implies also: 

PROOF.. a, o a, o a3 (x) ~ x implies a, o a3 (x) ~ al (x); thus hy de
noting bi; ~ a3 (x), b,: ~ x, b3 : = al (x) we have a, (bI) ~ b3 and, by 
(D2) and the definition (l) of line, ai E bj, bh. D 

REMARK II. - The triangle Tr (al, a" a3) defined in (3.5) is tu

scribed in Tr (bI, b" b3); Tr (bI, b,. b3) will be said the }1,xed-points-triangle 
for the triple of reflections [al, a" a3J. Now hy (3.3) let us denote by 
[cd : ~ [bj/bi, bb.! n (""/bi, bj]; then the triangle Tr (CI. c" C3) circumscribes 
the similar triangle Tr (bI, b" b3). Hence, sinee by (3.3, i) ai (b j ) ~ bh 

implies also ài (Ci) = bi, we have: 

Using the same notations of (3.5) and Remark 11, we can now 
state the following propositions. Actually (3.6) and (3.7) follow immedi
ately from (3.5) and (A4). 

3.6. ~ Far any al, al, x E <P non collinear, one point a2 E <P M 

uniquely determined such that alO a, o a, (x) ~ x. 

3.7. - For any bI, b" b3 E <J' non collinear. a t?-iple of reflections 
[al. a,. a3] adm.itting Tr (bI. b,. b3) as the }1,xed-points-t"iangle is unique
ly determined. 
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3.8. - For any bI, b" b, E il' non collinear, if Tr (bI, b" b,) is the 
fixeJ-points-triangle for a triple of reflections là à" à3], Tr (a" a" a,)

" is inscribed and sirnih~r to Tr (bI' b" b, ) if and only ~f '0 is a group. 

PROOF.. " <= " By (1.5) the group '0 is commutative. In this 
case we know (cfr. [l]) that, for any rE '0 and for any x E il', L E .,c, 
L l' x, r(x) implies r(L) ~ L. With the notations of (3.5) we have 
ài o àb (bi) ~ bb and ài o àb E '0; hence ài o àb (bi, bb) ~ Ibb l' bi, bb] ~ bi, bo. 
Otherwise di o ah (ah) = ai (ah) E ai, ah implies ai o ab (ai, ah) = Uj, ah. Thus 
bi, bh /' ai, ah. 

" =- " Again with the notations of (3.5) and Remark II we 
have: àb o ài (bh) ~ bi and àh o ài (b j ) ~ Ch. By assumption bI, b2, b, are 
any three non collinear points and 7: = r1h o ài E'0 is a translation of 
'0 mapping bh onto bi and bj onto Ch. Then r fulfils the law of parallelo
grams i.e. [r(b j )] ~ [bj l' bi, bh] n [bi l' bj, bb) and then acts regularly on 
il'; this implies by (lA) that '0 is a group. D 

Let now L be any line. We shall denoteL: ~ là E <9 : a EL], 
Dj: ~LoL ~ [à06:a,bEL]. 

By (3.1) we have L (L) ~ L and Dj (L) ~ L. Thus L oL oL is 
a set of dilatations with the possible fixed point on L. 

By (lA), since the axioms (AI)-(A4) are independent from the 
axiorns of the line structure we have: 

3.9. - Let L be any line oj a point-r~fù!ction geornetry (il', .,c, 1', (9). 

Then the jOl101.ifing conditions are equivalent: 

i) '0L acts regularly on L; 

ii)LoLoL~L; 

iii) '0L is a group. 

4. - The associated incidence loop 

Il is well known (see e.g. [5]) that an incidence space with 
parallelism (il', .,c,f') together with a regular set of translations S can 
be represented as an incidence loop in the following way. 
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If 1 is a distinguished point of CP, for any point a E CP let us 
denote a" the uniquely determined translation a" ES sueh that a" (1) ~ a. 
Then we can define in CV a composition low "." by denoting for any 
a, b E CP, a" b: ~ a" (b) ~ a" o b" (1); in this way (eP, Jè, ,p, ") turns out 
to be an ineidencc loop with parallelism (cf. [3] and [5]). In the present 
situation, we ean assume S : ~ e and for the sake of semplicity 1 : ~ u. 
As a eonsequenee for any a E CP, if we denote aro E CP the point, unique· 
Iy determined by (A4) and (1.2), sueh that am (u) ~ a, we shall have: 

(3) a·-:=àmou; 

and, for any a, b E CP: 

(4) a " b : ~ a" (b) ~ a" o b" (u) ~ am o 11 o bm (u) ~ (am o 11) (b) . 

Then with the usual notations (cfr. [3]) we shall represent by 
(CP, ") the set CP of points endowed with the loop strueture defined in 
(3), by Jè : ~ (aL: a E CP, u EL E Jè] the set of lines and by the condition: 

aL,p bM = L ~ M 

the parallelism relation between nay two lines aL, bM E Jè. Further· 
more the left multiplication in (eP, ") will represent the translations 
of the set e. The incidenee loop with parallelism (eP, Jè, ,p, ") defined 
in this way from the reflection geometry (CP, Jè, ,p, <p) will be ealled 
incidence loop with reflections and will be denoted by (CP, Jè, ,p, ", -). 

4.1. . Let (CP, Jè, ,p, ", -) be an inòdence loop with reflections 
aB previously defined. The following properties hold. 

i) e o e ç; '6; 

ii) Va E CP 3 a-l E CP Buch that: a-la = aa- l ~ u; 

iii) Va E CP: (aT I = (a-l)"; then e-l ~ e; 

iv) VaE CP;11(a) = a-l; 

v) Va. E CP : a(u) = a'. 
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PROOF. 

(i) Let be a o ù, bo ù E e. Sinee (ù o bo ù) (ù o bo ù) ~ id, tbe dila
tation ù o bo ù is involutory and thus by (3.3, ii) it exists c E <l' with 
c: = uobou; this implies a.o·ùoboù = 60è E '5. 

(ii) By 16] and 17] it will be ellough to prove that, for any a, {3 E e, 
a o {3 (u) ~ u implies {3 o a (u) ~ u. Aetually let us denote a: ~ amo ù, 
(3: ~ bm où: then u ~ ao{3 (u) ~ dm oùobmoù (u) ~ dm oùobm(u) implies 
bmoùoam(u) ~ u. Then (3oa(u) ~ bmoùoa.,oÙ(u) ~ bmoùodm(u) ~ u 
and thllS by 16] (proposition 1.2) or 17] (proposition 4, § 2) it exists a-l 

(iii) By definition and by (ii) we have a ' a-I ~ a' (a-') ~ u whieh 
implies a-I ~ (a'r' (u). Otherwise, again by definition, a-I ~ (a-')' (u); 
then (aT I (u) ~ (a-')' (u) that is a' o(a-')' (u) u. By (i) a' o(a-')' E'"m 

whieh implies a' o (a-')' ~ id, i.e. (a-')' (a.'r l By (ii) <l'-I ~ <l' andm 

thus e-I ~ e. 

(iv) Sinee Ù, a' E:D, ù(a) ùoa' (u) ~ ·uoamou.(u). Furthermorem 

ùodm ~ (amoùr' ~ (a')-' ~ (a-')'. Then: ù(a) ~ (a-')' ou(u) ~ a-l 

(v) Let us eonsider the dilatation o: a' oùo(a')-'; sineem 

o(a) ~ a'oùo(a')-' (a) a'où(u) ~ a and 000 ~ id, by (Al), (A2)m 

and (3.3, ii) we have o ~ a. Then by (iii) and (iv) a (u) ~ o(u) ~ 

~ a' oU. o (a'r' (u) ~ a' oùo(a-')' (u) ~ a' où (a-') a' (a) a'.m m 

D 

REMARK l. - In (4.1, i) we have proved that, for any bE&> we 
have ùoboù E &>. By denoting c: ~ ùoboù we obtain c ~ c (c) ~ 

~ Ù, o li o ù (c), i.e. ù (c) ~ li o ù (c). Then, by (Al) and (A2) ù (c) m b, 
and by (4.1, iv) c ~ bo'. Henee (aoù)o(lioù) ~ aoc ~ a o (ò"'). 

RE~lARK Il. - By (4.1, v) we know that, for any b E <l', li (U) mb'. 
By (A4) and (1.2), for any a E <l', it exists a unique a m E <l' sueh that 
a., (u) a. and in this way we have defined a' by (3). Then by denotingm 

b : = am we can see that for any a E <P it exists the square root "b" 
Le. b E <l' sueh that b' ~ a. 

4.2. - Let «l', .c, J', ,) be an incidence loop with paraU"lism fulfill
,ng the following conditions: 

i) if l denotes the ,mitary element o[ «l', ,), fo'r any a E <l' there exists 
a-I E rP su.ch that a. a-l = a-l. a = 1; 
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ii) there exists a iIilatation w E Aut (cl', 13, "') \ [id] such that w (l) ~ l, 
2w ~ id and, for any a E cl', w (a) ~ a-I; 

iii) f01' any x, y E cl' there exists a 'unique solution "a" for the equation 

(5) (a- l x) (a- l y) ~ l . 

Then a set of reflections A : cl' ~ cl'; a ~ à can be defined fu·lfill

mg the aximns (A1)-(A4) such that (cl', 13, "', eP) is a point-rej7Rction 
gemnetry. 

PROOF. - For any a E cl' let us define: à: ~ aO Ow (aor l ; since 
aO is a translation for (cP, 13, "'), (ao)-l E Aut (cl', 13, "') and thus 
à E Aut (cl', 13, "'). Since by definition a ~ aO (l) implies (aor l (a) ~ l, 
we have à(a) ~ aO owo(ao)-l (a.) ~ aoow(l) ~ a and thus (Al) is ful
filled. Furthermore by àoà ~ aO owo(aorl oaO owo(aor l ~ id, (A3) 
is fulfilled too. Since l° ~ id we have also w ~ i. In order to prove 
the axioms (A2) and (A4) we have to compare (0.°)-1 and (a-l)'. By 
the definition of aO we have (aT I (a) ~ l and, by (i), aO (a-l) ~ l 
implies (ao)-l (l) ~ a-l; furthermore by (i) we have (a-l)' (a) ~ l and, 
by definition, (a-l)' (l) = a-l. Thus since (aor l, (a-I)' E Aut(cP,..c, "') 
we have (ao)-l = (a-l)'. 

Let us now consider, for any x, y E cl' the eondition à (x) ~ y: 
tbis is equivalent te a ° o w o (a 0)-1 (x) ~ y i.e. wo (ao)-l (x) ~ (a 0)-1 (y). 
By the properties of w and (aor l we have (ao)-l (y) ~ (a-l)' (y) ~ a-l y 

and w o(ao)-l (x) ~ (a- l "r l. Then a (x) ~ y gives rise to the equation 
(5) which has a unique solution a E cl'; thus (A2) and (A4) are fulfilled. 
Furthermore, since eP: ~ [a: a E cl'1 ç Aut (cl', 13, "'), the axiom (D2) 
is fulfilled, while (D3) is a consequence of the existence of lines and 
parallelism. D 

REMARK ilI. - Let us suppose in the loop (cl', o) the property 
L.LP. (Ieft inverse property; cf. [7]) holds, Le. for any a, b E cl' : 
a-l (a ° b) ~ (a-lo a) b. 

Then the existenee of solutions for the equation (5) implies the 
existenee of square roots for any element of (cl', o). Actually by assum
ing x: ~ l, for any y E cl', the solution "a" of (5) is such that 
a-l [a- l (a ° a)] ~ a-I [(a-Io a) ° a] ~ l, i.e. y ~ al. 
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REMARK IV. - Let us now suppose that incidence loop (<l',,c, 1', .) 
cOllsidered in (4.2) is provided as well with a set of reflections l' 
which means it is an irwiderwe loop with reflections (<l',,c, 1', " -). 
By (3.3, ii) we know that, for any a E <l', à E d'; thus, sinee à (a) ~ a, 

by (A2) we have à ~ à; henee (<l', ,c, ,f. " -) and «l', ,c, 1', " A) are 
isomorphic. 
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